Let W = λB + νB H be a mixed-fractional Brownian motion with Hurst index 0 < H < 1 2 and λ, ν = 0. In this paper we study the 
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Introduction
As is well known, in recent years, there has been considerable interest in studying fractional Brownian motion (in short, fBm) due to its simple properties and some applications in various scientific areas such as telecommunications, turbulence, image processing, and finance. For some surveys on fBm we refer to Biagini et where B H is a standard fBm with Hurst index H ∈ (, ), B is a standard Brownian motion independent of B H and λ, ν ∈ R \ {}. It is important to note that Brownian motion B in the mixed-fBm W can offset some irregularity of fBm such that the theoretical issues for them became relatively easy and the application issues became also relatively favorable. For example, the mixed-fBm is equivalent to a standard Brownian motion when   < H < . Therefore, it seems interesting to study the mixed-fBm. In this paper, we consider the quadratic variation of mixed-fBm W .
Recall that a fBm on R with Hurst index H ∈ (, ) is a Gaussian process B H = {B . However, we can easily see that
for all t > . This simple result points out some irregularities of fBm cannot be offset by Brownian motion when  < H <  
. Motivated by the above fact, in this paper we consider the substitution of quadratic variation when  < H <   . We shall introduce a substitution of quadratic variation of W and study some related questions, and the idea follows from Yan et al. [] . For some continuous processes with infinite quadratic variation, Errami and Russo [] and Russo and Vallois [] introduced the α-variation and n-covariation. Definition . Let  < H <  and let f be a measurable function on R. Denote
is called the fractional quadratic covariation of f (W ) and W , provided the limit, which exists in probability.
Clearly, when H ≥   the fractional quadratic covariation coincides with the usual quadratic covariation. However, for the case  < H <   , the fractional quadratic covariation is very different from the usual quadratic covariation. In the present paper our main object is to introduce the existence of the fractional quadratic covariation and it is organized as follows. In Section  we present some preliminaries, and in particular we give some technical estimates associated with mixed-fBm. In Section , we prove the existence of the fractional quadratic covariation for  < H <   . To prove the existence of the fractional quadratic covariation, we consider the decomposition
and by estimating the two terms of the right hand side in (.), respectively, we construct a Banach space H of measurable functions f on R such that
We show that the fractional quadratic covariation exists in
In Section , we introduce an Itô formula including the fractional quadratic covariation and give an integral with respect to local time of mixed-fBm.
Stochastic calculus for mixed-fBm
In this section, we briefly recall some basic results of mixed-fBm and give some basic estimates. 
Denote by E the linear space generated by the indicator functions  [,t] , t ∈ [, T]. Let H and H  be the completions of the linear space E with respect to the inner products 
Then the map is an isometry from E to the Gaussian space generated by mixed-fBm W , and, moreover, it can be extended to H. The map
is called the Wiener integral of ϕ ∈ H with respect to the mixed-fBm W , and we have
Consider now the set S W of smooth functionals
where the function f and all its derivatives are bounded (denoted by f ∈ C ∞ b (R n )) and 
and we can show that the operator
Denote by D , the closure of S W with respect to the norm
The operator δ W is the adjoint of derivative operator
for every F ∈ S W , and we have D , ⊂ Dom(δ W ). In this case, the operator δ W (u) is determined by the so-called duality relationship
for any u ∈ D , . Moreover, we can localize the operators D W and δ W via their domains.
defined as a random variable determined by the conditions
on n for all n ≥ . We will also use the following notations:
The following Itô formula holds (see Alós et al. []).
where κ and β are positive constants with β <
. Then we have
Finally, from Theorem . in Geman and Horowitz [] we can easily see that the mixedfBm W with Hurst index
Thus, we can define its weighted local time as follows: 
Some basic estimates
In this subsection we will introduce some inequalities associated with mixed-fBm. For convenience, in this paper we assume that C is a positive constant and its value may be different in different positions, and, moreover, we use also the notation F G to denote the following relationship:
for some positive constants c  and c  .
Lemma . For all s ≥ r >  and  < H <  we have
Proof Clearly, we have
for all s ≥ r >  and  < H < . Thus, (.) follows from the estimates:
for all s > r ≥ . But this is introduced in Yan et al.
[] and the lemma follows.
For (.) we also have
. Thus, (.) follows from the estimates
for all  ≤ x ≤ . But (.) can be introduced by the convergence
and the continuity of the functions
. This completes the proof.
Lemma . Let  < r < s < r < s and  < H <  
.
We have
by the independence. Thus, the lemma follows from Yan et al. [] .
we have
Proof The lemma is a simple exercise.
Let ϕ(x, y) denote the density function of (W s , W r ). That is,
Proof This a simple exercise. In fact, we have
by integration by parts. On the other hand, an elementary calculation can show that
for all s > r > . This completes the first estimate and similarly, one can also obtain the second estimate.
Existence of the fractional quadratic covariation
In this section, we study the existence of the fractional quadratic covariation. Recall that
for ε >  and t ≥ , and
provided the limit exists in probability, where
In order to prove the main theorem we need some preliminaries.
Lemma . (Gradinaru and Nourdin []) Let g be a continuous function on
for some β > ,  < α ≤  and let X be a Hölder continuous paths process with index γ ∈ (, ). Suppose that V is a bounded variation continuous process such that
for some α >  and all t ≥ , where As an immediate consequence of the above lemma, one can get the next corollary.
and, in particular, we have
Proof Denote
 dη s for all  < ε < t. By Lemma . it is enough to prove the next convergence
for some β > . In fact, if the convergence (.) holds, we then have
almost surely, as ε tends to zero, by taking Y s = f (W s ). This gives (.). Now, let us prove the convergence (.). Denote
for all s, r >  and ε > . Notice that
for all s, r >  and ε >  and
by the inequality (.), which gives the convergence (.) and the corollary follows. Now, we assume that f / ∈ C  (R) and discuss the existence of the fractional quadratic co-
. Consider the set
and the set E of elementary functions on R is dense in H.
Our main theorem is expounded as follows.
Theorem . Let  < H <   and f ∈ H. Then the fractional quadratic covariation
To show that the theorem holds we consider the following integrals:
for ε > . For simplicity we let T =  and it is enough to show that the next statements hold: (a) for all f ∈ H, t ∈ [, ] and k = , , we have
Proof of Statement (a) Given f ∈ H. We have
for all ε >  and t ≥ . We need to estimate
for all ε >  and s, r > . By approximating we may assume that f ∈ C ∞  (R) and denote
for all ε >  and s, r > . It follows that
by (.), which gives
For the first term ε (s, r, ) we have
for s > r >  by Lemma . and Cauchy's inequality. Moreover, by the fact
with s ≥ r > , we have also
for all s ≥ r >  and
for all ε >  and  ≤ t ≤ . Now for the second term ε (s, r, ). By Lemma ., Lemma ., and the fact (.) we have
for all  < ε ≤  by (.) and Lemma ..
Similarly, we can also obtain the estimates
for all  < ε ≤  and t ∈ [, ]. Thus, we have obtained the estimate (.) for k = . In the same way one can give (.) for k = .
Proof of Statement (b) We need to prove
for all and t ≥  and k = , , as ε  , ε  ↓ . Recall that
and denote
for all ε, ε  , ε  >  and s, r ≥ . Then we have
for all ε  , ε  >  and t ≥ . Thus, to show that {J ε (, f , t), ε > } is a Cauchy sequence in L  ( ) we need to prove
for all i, j ∈ {, } and i = j. Without loss of generality one may assume that ε  > ε  and by approximating we may also assume that f ∈ C ∞  (R). Denote
for j ∈ {, } and ε, ε  , ε  , s, r > . From the proof of Statement (a) it follows that
with i = j and i, j ∈ {, }. Now, let us prove the convergence (.) in three steps. We only need to show that (.) holds with j =  and i =  by symmetry.
Step I. The convergence
holds. Clearly, by Cauchy's inequality we have
|s -r| H+θ for  < |s -r| < ε i ∧ ε j ≤  and  < θ <  -H, where i, j ∈ {, }. It follows from (.) with
|s -r| H+θ for all |s -r| >  and  < θ <  -H, which gives
for all r, s >  and  < θ <  -H.
On the other hand, from the above proof we have also
for all |s -r| >  and ε  , ε  > , and
for any  < ε  , ε  < . Thus, Lebesgue's dominated convergence theorem implies that the convergence (.) holds.
Step II. The convergence
holds. By Lemma ., we have
On the other hand, by Lemma . and the fact
for all H < θ ≤  and r > . Thus, the convergence (.) follows from the Lebesgue dominated convergence theorem. Similarly, we can introduce the convergence
(.)
Step III. The convergence
On the other hand, we also have
for all ε  , ε  > . Thus, Lebesgue dominated convergence theorem implies that the convergence (.) holds.
Consequently, we have found the desired convergence (.) for k = . In the same way one can also introduce the convergence (.), which with k =  holds, and Statement (b) follows.
Itô's formula
In this section we introduce an Itô formula and study the integral
where f is a Borel function and 
holds for all t ≥ .
Proof When f ∈ C  (R), this is an Itô formula since 
